Technical Notes

increased in thickness with increasing aspect ratio. This was
particularly noticeable in the profiles taken with & = 45°.
Inflexion points in the temperature profiles taken inside
cavities with o =45°, and a/b =1 and 148 respectively,
attested to the presence of a counterclockwise-recirculating
motion in the stratified flow region within the cavity. This
recirculation was confirmed by the flow visualization results.

The present note is imperfect in the sense that detailed
quantitative bounds are not provided for the dimensionless
parameters governing the behavior of pulsating thermally-
driven cavity flow. For this, continued experimentation is
necessary and is currently underway. Nevertheless, the
information advanced herein is timely and points to a
phenomenon which has not previously been observed and
may be present in the work of others.
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NOMENCLATURE

b, thickness of circular plate;

), complete elliptic integral of the second kind;
), hypergeometric function;

), Bessel function of the first kind ;

), complete elliptic integral of the first kind;
k, thermal conductivity;

q, heat flux;

T, radial coordinate;

ro,  radius of heated area;

T, temperature;

temperature of coolant ;

z, axial coordinate.

Greek symbols
0, temperature rise, T— T, ;
V2, Laplace operator;
¢(n), Riemann’s zeta function;
I'(m), gamma function.

INTRODUCTION

THE HEAT transfer analysis of disk-shaped heating of a large
solid plate is commonly required in spot welding, fire safety,
the anode and cathode of an MPD arc, the cooling of
electronic equipment and for electric circuit breakers. Thomas
[1]gave anexactsolutionin terms of tabulated functionsfora
semi-infinite body heated by a constant heat flux in the region
0<r<r, at z=0, with the other surface insulated. The
purpose of the present noteisto consider theisothermatz = b,
and to determine the effect of plate thickness on the
temperature distribution. The solution derived is for the
steady state heat conduction problem. This solution is useful
in the development of a new series solution [2, 3] for transient
temperature in a solid where the solution at the surface takes
advantage of a known steady state solution.

ANALYSIS

The circular plate is considered to be isotropic and
homogeneous. The geometry and coordinate are shownin Fig.
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FiG. 1. A large circular plate heated over a disk-shaped
centred at r = 0 and z = 0, insulated elsewhere at z = 0. The
opposite surface, z = b, is isothermal.

1. A mathematical statement for steady state conduction
problem is the solution of Laplace’s equations

Vi(r,z) =0 (1)
with the boundary conditions
—k@ =gq, 0<r<r,
0]
=0, r>r,
and
O(r,b) = 0. 3)
The infinite Hankel transformation [4] is given by
©
O(p,2) = J. rJo(pr)B(r, z)dr, (£)]
[+]
b(r,2) = J pO(p, 2)J olpr) dp. &)
V]

Applying the Hankel transformation (4) to equations (1)+3)
and inverting it by using equation (5), the general solution of
equations (1}3) is

0(r,2) = L pa{exp(—pz)—exp [p(z—2b)1}Jo(pr) dp (6)

where a is constant.
From equation (2), the boundary conditions become

J f(P)Jo(P’)dP'—‘%, osr<r,
0

(7a)

=0, r>r,

where
S(p) = ap*[1+exp(—2bp)]. (7b)

The arbitrary function f(p) is determined from an expression
given by Watson [5] and the solution of the heat conduction
equation is

0z = T0 [ {exp(=p2)—cxp [p(z—26)]}
p[1+exp(—2bp)]

k Jo
x Jo(pr)d ((pro)dp.  (8)

This expression is valid for all » and z values equal to and
greater than zero. To evaluate the infinite integral, it is
convenient to express in terms of hyperbolic functions and
then in a power series [S] of (1/2sb).

Usingtheresult of Whittaker and Watson [6]for Riemann's
zeta function,

< __ls-l

s=1

= (1=27E@m+ 1), m>0

©

=In2 m=0
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where &( ) is Riemann'’s zeta function and is tabulated in ref.
73 .

A location of particular interest is at the surface, z = 0,
where the temperature distribution contains an expression for
the infinite plate thickness (b/r, — o) plus a correction term
due to finite thickness. Thus the temperature distribution can
be written as

2
0(r,0) = 2o E(i) for O0<r<r,  (I0a)
T

X To
andforr>r,

_qro f2r To ¥\ (1o
o0 G e -] oo

and a correction term (due to finite thickness)

24 (7o N R
= {4—5[1+Zb—1<_(2)] In2
o (=171 =27 ") EQ2m+ ) 2m +1)
+ X mITm+2)

m=1

ro 2m+1 rz

which is common to both equations (10a) and (10b) where
2F1( )is the hypergeometricfunction and is defined in refs. (6,
8]. The functions K( ) and E( ) are the complete elliptic
integrals of the first and second kinds,

=/2

K(p) = f [1-¢? sin? §]712 d, (12a)
4]
7j2

E(g) =J [1—¢? sin® 6]"2 d6. (12b)
[}

These functions are tabulated in refs. [7, §].

The convergence of the infinite series is now examined. Itis
mentioned by Watson [5] that the criterion for convergence of
the series is given by |ro/2b] < 1. This limit is satisfied in many
practical cases. These exact solutions are very efficient and
need just a few terms to obtain a satisfactory solution of the
temperature distribution.

Ifthehigher order terms are neglected in the correction term
(11), it can be seen that the temperature depression due to a
finite thickness is approximately proportional to the square of
the heated spot radius and inversely proportional to the
thickness of the plate in the region 0<r <r, The
temperature distribution at the surface is shown in Fig. 2,
where the dimensionless temperature 0k/qr, is plotted vs
dimensionless radial position r/r, for various values of the
dimensionless plate thickness b/r, at z = 0.
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FiG. 2. Dimensionless temperature distribution for various
values of bfrgat z = 0.
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The mean temperature, J(7, 0) over the disk-shaped heating
region, 0 <r<r, is of interest for obtaining contact
conductance and other applications. To calculate the mean
temperature, one can multiply 6(r,0) by 2nr dr,integratefrom
r = 0 to ro and divide by 27r,.

The results are

Sy _Gol 8 &
0,0 = T [3’[ 4m§0
. (=11 =2"2"¢2m+ DT 2m+ NI 2m +3) (ro)2m+ 1]

m T (m+2)C(m+2)T(m+3) 4b

(13)

For a semi-infinite solid, the last terms on the RHS of
equation (13) vanish and the maximum temperature at the
centreline of the plater = 0,is gro/k and themean temperature
over the area 0 < r < ry is 8gry/3nk, as obtained by Thomas.

The temperaturedistributionat 0 < z < bcan be expressed
in a series form. Equation (8) becomes

0(r,z)=% i i w<i>2M+l
=0 m=

oy m!I(m+2) 4b
2
x [a;2"'12F1(111+%,771+1;1;—Ezb—z>——bl'z""‘2ﬂ
1

r2
x(m+%,m+ 1;1;— W)] (14)

where

a, = [s-+(z/2b)]
and

b, = [s+1—(z/2l;)].

The temperature field 0k/qr, is shown in Fig. 3 for the
nondimensional plate thickness b/r, = 3.5.

CONCLUSIONS

"An exact steady state solution is developed for a large
circular plate heated with a disk source centred and insulated
elsewhere, whereas the opposite surface is considered
isothermal. The solutions are written in terms of power series
which converge very fast. For this reason their series solution
required only ten terms for the evaluation of the temperature
distribution.
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Fi1G. 3. Dimensionless temperature field for b/r, = 3.5.
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NOMENCLATURE

a, thermal diffusivity;

b, thickness of the liquid layer;

c, specific heat;

D, droplet diameter;

Ah, latent heat of fusion;

k, parameter, 6c2U(p/p’)(e/Pe)'?;
Pe, Péclet number, wD/a;

Re, Reynolds number, p"wD/g;

R,  radius of the splat, R(1);

T, dimensionless temperature, (T, — T")/cAh;
T', temperature;

T., temperature of freezing;

To. temperature of the solid surface;

t, dimensionless time, wt'/R(0);

t, time;

U, freezing constant;

We, Weber number, p'w?D/s;





